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a b s t r a c t
We study thickness–shear and thickness–twist vibrations of a finite, monolithic, AT-cut quartz plate crys-
tal filter with two pairs of electrodes. The equations of anisotropic elasticity are used with the omission of
the small elastic constant c56. An analytical solution is obtained using Fourier series from which the res-
onant frequencies, mode shapes, and the vibration confinement due to the electrode inertia are calculated
and examined.
 2011 Elsevier B.V. All rights reserved.
1. Introduction
Piezoelectric crystals are widely used to make acoustic wave
resonators, filters and sensors for time-keeping, frequency genera-
tion and operation, telecommunication, and sensing. Quartz is the
most widely used crystal for these applications. A large portion of
quartz crystal devices operate with thickness–shear (TSh) vibra-
tion modes of a plate [1,2]. Theoretically, TSh modes can only exist
in unbounded plates without edge effects. When a plate is vibrat-
ing in TSh modes, motions of material particles are parallel to the
surfaces of the plate, and particle velocities vary along the plate
thickness only, without in-plane variations. TSh modes are the
ideal operating modes of many acoustic wave devices.
In reality, however, due to the finite sizes of devices, pure TSh
modes cannot exist in finite crystal plates because of edge effects.
Therefore, in real devices, the actual operating modes have slow,
in-plane variations. These real modes have been referred to as
transversely varying TSh modes [3]. Another cause of in-plane vari-
ations of TSh modes is when a crystal plate is partially electroded
in the central region [4], a common situation of crystal resonators.
In such a case the inertia of the electrodes is responsible for an
important phenomenon called energy trapping through which
the vibration is confined under the electrodes and decays rapidly
outside them. Energy trapping is crucial to device mounting. When
energy trapping exists, plates can be mounted near the edges
where there is no vibration and therefore the operation of the de-
vice is not affected by mounting.
Because of the complications associated with the material
anisotropy of quartz, analysis of TSh modes with in-plane varia-
tions usually presents considerable mathematical challenges. In
most cases approximate two-dimensional (2D) plate equations
[5–7] which are much simpler than the three-dimensional equa-
tions of elasticity or piezoelectricity are used. There exist system-
atic theoretical results from the 2D plate equations for TSh
modes with in-plane variation in one direction only, i.e., in the
direction parallel to the TSh particle velocity. Free vibration modes
of finite plates with free edges and their frequency spectra [8–10],
energy trapping in partially electroded plates and Bechmann’s
number regarding electrode dimension [4], monolithic filters with
two pairs of electrodes [11], arrays of multiple resonators [12,13],
and resonator capacitance from forced vibration analyses [14] have
been obtained.
In the case when the in-plane mode variation is in the direction
perpendicular to the TSh particle velocity, the corresponding
waves are called thickness–twist (TT) waves [15,16]. For this case
reported studies are much fewer. Propagating waves in unbounded
plates with or without electrodes were studied in [15–18], with an
expression of Bechmann’s number given in [16]. Since crystal de-
vices are made smaller and smaller for miniaturization, edge ef-
fects become more pronounced and in-plane variations in both
directions are equally important. It is our recent effort to provide
new understandings of TT waves to reach the same level as the
knowledge of the in-plane variation in the other direction.
In this paper we study TT modes in an AT-cut quartz plate par-
tially covered by two pairs of electrodes as a crystal filter. We use
the equations of anisotropic elasticity instead of the 2D plate equa-
tions. The only approximation made is the omission of the small
elastic constant c56 which is a common approximation in the anal-
0041-624X/$ - see front matter  2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.ultras.2011.05.015
⇑ Corresponding author.
E-mail address: liujx02@hotmail.com (J. Liu).
Ultrasonics 51 (2011) 991–996
Contents lists available at ScienceDirect
Ultrasonics
journal homepage: www.elsevier .com/locate /ul t ras
ysis of quartz plates. We want to examine how the resonant fre-
quencies, mode shapes, and energy trapping are affected by the
electrode mass, dimension, and position.
2. Governing equations
The equations for anisotropic crystals vary considerably accord-
ing to crystal symmetry. A particular cut of a crystal plate refers to
the orientation of the plate when it is taken out of a bulk crystal. As
a consequence crystal plates of different cuts exhibit different
material anisotropies in coordinates normal and parallel to the
plate surfaces. The widely used AT-cut quartz plate is a special case
of rotated Y-cut quartz plates which are effectively monoclinic in
x3
x2
2h
2h 2h
x3=c1 x3=c2 x3=c3 x3=c4 x3=c
dL1 L2
Fig. 1. An AT-cut quartz plate with two pairs of electrodes as a monolithic
filter.
Fig. 2. Antisymmetric trapped modes (identical electrodes).
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the plate coordinate system. Consider such a plate as shown in
Fig. 1. The plate is unbounded in the x1 direction and does not vary
along x1. Fig. 1 shows a cross section. It carries two pairs of elec-
trodes (left pair and right pair) at the top and bottom surfaces,
symmetric about the middle plane of the plate. The electrodes
are assumed to be very thin. Their inertia will be considered but
their stiffness will be neglected. Quartz has very weak piezoelectric
coupling. For free vibration frequency analysis the small piezoelec-
tric coupling can usually be neglected and an elastic analysis is suf-
ficient. For monoclinic crystals, shear-horizontal or antiplane
motions with only one displacement component are allowed by
the linear theory of anisotropic elasticity. The corresponding
modes are TT modes in general and include TSh and face-shear
modes as special cases. Shear-horizontal motions in rotated Y-cut
quartz are described by:
u1 ¼ u1ðx2; x3; tÞ; u2 ¼ u3 ¼ 0; ð1Þ
where u is the displacement vector. The nonzero components of the
strain tensor S and the stress tensor T are:
S5 ¼ 2S31 ¼ u1;3; S6 ¼ 2S21 ¼ u1;2; ð2Þ
T31 ¼ c55u1;3 þ c56u1;2; T21 ¼ c56u1;3 þ c66u1;2; ð3Þ
where c is the elastic stiffness tensor. The relevant equation of mo-
tion is
T21;2 þ T31;3 ¼ q€u1: ð4Þ
The equation to be satisfied by u1 is obtained by substituting (3)
into (4):
c66u1;22 þ c55u1;33 þ 2c56u1;23 ¼ q€u1: ð5Þ
For the plate in Fig. 1, the boundary conditions at the plate top
and bottom are:
T21¼
2q0h0€u1; x2¼h; c1<x3< c2;
2q0h00€u1; x2¼h; c3<x3< c4;
0; x2¼h; 0<x3< c1; c2<x3< c3; or c4<x3< c;
8><
>:
ð6Þ
where q0 is the density of the electrodes. 2h0 and 2h0 0 are their thick-
ness. In the electroded areas of the plate surfaces, the boundary
conditions in (6) represent Newton’s second law applied to the elec-
trodes. The boundary conditions at the left and right edges are
T31 ¼ 0; x3 ¼ 0; c; jx2j < h: ð7Þ
For AT-cut quartz plates, c55 = 68.81, c56 = 2.53 and c66 =
29.01  109 N/m2 [11]. c56 is very small compared to c55 and c66.
Therefore, in the rest of this paper, we will make the usual
approximation of neglecting the small c56 [19].
3. Fourier series solution
Consider free vibrations. Let
u1ðx2; x3; tÞ ¼ u1ðx2; x3Þ expðixtÞ: ð8Þ
The plate in Fig. 1 is symmetric about its middle plane. For the
applications we are considering, we are interested in motions anti-
symmetric in x2. Therefore we construct the following solution
from separation of variables:
u1 ¼ B0 sinðg0x3Þ þ
X1
m¼1
Bm sinðgmx2Þ cos
mpx3
c
; ð9Þ
where B0 and Bm are undetermined constants, and
g2m ¼
qx2
c66
 c55
c66
mp
c
 2
¼ p
2
4h2
x2
x2s
 c55
c66
m
2h
c
 2" #
;
m ¼ 0;1;2;3; . . . ; ð10Þ
xs ¼ p2h
ffiffiffiffiffiffi
c66
q
r
: ð11Þ
Fig. 3. Effects of electrode parameters on antisymmetric modes (identical
electrodes).
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(9) satisfies (5) and (7) when the small c56 is neglected.xs is the res-
onant frequency of the fundamental thickness–shear mode in an
unbounded quartz plate. Quartz resonators are usually with large
length/thickness ratios, i.e., c 2h. In this case, for an m that is
not large, g2m is positive. We are interested in the first few TSh
and TT modes with no more than a few nodal points along the x3
direction for which a largem is not needed. In the case when a large
m is indeed needed, we can redefine g2m with a minus sign and
change the sine functions in (9) into hyperbolic sine functions. In
the following we will formally use (9) and (10) and implement
the changes for large m in the computer code when needed. To
apply the boundary conditions at the plate top and bottom, we need
T21 ¼ c66u1;2
¼ c66B0g0 cosðg0x3Þ þ c66
X1
m¼1
Bmgm cosðgmx2Þ cos
mpx3
c
: ð12Þ
Due to the antisymmetry of the modes about the plate middle
plane, the boundary conditions at x2 = h do not provide equations
independent to the boundary conditions at x2 = h. Substitution of
(9) and (12) into to the boundary conditions at x2 = h in (6) gives
c66B0g0 cosðg0hÞþc66
P1
m¼1
BmgmcosðgmhÞcosmpx3c
¼
2q0h0x2½B0 sinðg0hÞþ
P1
m¼1
Bm sinðgmhÞcosmpx3c ; c1<x3< c2;
2q0h00x2½B0 sinðg0hÞþ
P1
m¼1
Bm sinðgmhÞcosmpx3c ; c3<x3< c4;
0; 0<x3<c1; c2<x3< c3; or c4<x3< c:
8>>><
>>>:
ð13Þ
We multiply both sides of (13) by (npx3/c) (n = 0, 1, 2, . . .) and
integrate the resulting expression over (0, c) to obtain
Fig. 4. Symmetric trapped modes (identical electrodes).
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c66B0g0 cosðg0hÞc¼ 2q0h0x2B0 sinðg0hÞðc2 c1Þ
þ2q0h0x2
X1
m¼1
Bm sinðgmhÞ
c
mp
sin
mpc2
c
 sinmpc1
c
 
þ2q0h00x2B0 sinðg0hÞðc4 c3Þ
þ2q0h00x2
X1
m¼1
Bm sinðgmhÞ
c
mp
 sinmpc4
c
 sinmpc3
c
 
; n¼ 0; ð14Þ
and
c
2
c66Bngn cosðgnhÞ ¼ 2q0h0x2B0 sinðg0hÞ
c
np
sin
npc2
c
 sinnpc1
c
 
þ2q0h0x2
X1
m¼1
Bm sinðgmhÞCnm
þ2q0h00x2B0 sinðg0hÞ
c
np
sin
npc4
c
 sinnpc3
c
 
þ2q0h00x2
X1
m¼1
Bm sinðgmhÞDnm; n¼ 1;2;3; . . . ;
ð15Þ
where
Cnm ¼
R c2
c1
cos npx3c cos
mpx3
c dx3 ¼ Cmn;
Dnm ¼
R c4
c3
cos npx3c cos
mpx3
c dx3 ¼ Dmn; n ¼ 1;2;3; . . . :
ð16Þ
(14) and (15) are linear homogeneous equations for B0 and Bm. For
nontrivial solutions the determinant of the coefficient matrix has to
vanish, which determines the resonant frequencies. The nontrivial
solutions of B0 and Bm determine the corresponding modes. This
is a complicated eigenvalue problem because the eigenvalue or
the resonant frequency is present in every gm.
4. Numerical results
As an examplewe first consider a filter of AT-cut quartzwith four
identical electrodes. L1 = L2 = L = 5 mm and R1 = R2 = R = 2.5%, where
R1 ¼ q0h0=ðqhÞ and R2 ¼ q0h00=ðqhÞ. The distance between the two
pairs of electrodes is d = 1 mm. The geometric parameters are
c = 20 mm, c1 = 4.5 mm, c2 = 9.5 mm, c3 = 10.5 mm, c4 = 15.5 mm,
and 2h = 0.3 mm. The material constants needed can be found in
[11]. The structure is symmetric about x3 = c/2. Accordingly modes
can be separated into symmetric ones and antisymmetric ones
about x3 = c/2. xs = 3.46546489  107 rad/s. The frequencies of the
modes we are interested in are withinxs(1  R)<x <xs.
Three modes antisymmetric about x3 = c/2 are found and are
shown in Fig. 2 in the order of increasing frequency. x1 =
3.39064675  107 rad/s, x2 = 3.41890214  107 rad/s, and x3 =
3.46086051  107 rad/s. The modes have slow variations in the x3
direction, with no more than a few nodal points (zeros). Numerical
tests show that to describe such a slow variation we do not need
many terms in the series. When using 20 terms in the
series, x1 = 3.39064675  107 rad/s. When using 19 terms, x1 =
3.39064680  107 rad/s. There are 8 significant figures. The
corresponding modes also show good agreement. Therefore all cal-
culations below are with 20 terms in the series. In this case the g2m
in (10) is positive. For all of the modes in Fig. 2 the vibration is
small near the plate edges at x3 = 0, c. This is the so-called energy
trapping phenomenon. In the first mode, there is one nodal point
along the x3 direction in the middle between the two pairs of the
electrodes. The vibrations under the two pairs of electrodes are
with opposite signs (out of phase). Such a mode can be driven by
opposite voltages on the two pairs of electrodes. The other modes
all have more nodal points. When modal points are present under
the electrodes, the charges on the electrodes produced by the shear
strain of the plate tend to cancel with each other. This may be
undesirable or desirable depending on the specific application.
Fig. 3 shows the effects of various parameters of the electrodes on
the lowest antisymmetric mode. In Fig. 3a only the electrode length
is varied (L or c1 and c4). When L = 4 mm, there are two trapped
modes. When L = 5 or 6 mm, there are three trapped modes. As the
electrodes become longer, the frequency of the first mode becomes
lower due tomore inertia from longer electrodes.When L = 4, 5, and
6 mm, x1 = 3.39476548, 3.39064675, and 3.38812666  107rad/s,
respectively. When the electrodes become longer, the vibration dis-
tribution becomes wider. In Fig. 3b only the electrode thickness is
varied. The case of R = 2% has two trapped modes. The cases of
R = 2.5% and 3% have three trapped modes. As R increases, the fre-
quency of the first mode decreases as expected: x1 = 3.40695776,
3.39064675, and 3.37444052  107 rad/s, respectively. The vibra-
tiondistribution is not sensitive toR. In Fig. 3c only thedistancedbe-
tween the two pairs of electrodes is varied. The frequency is not
sensitive to d as expected: x1 = 3.39064675, 3.39009008, and
3.38993846  107 rad/s, respectively. The vibration distribution is
sensitive to d. When d = 1 mm, the solid line in the figure is smooth.
When d = 2 and3 mm, the dotted lines in the figure feel the presence
of the distance between the electrodes.
For the same filter as in Fig. 2, there also exist three trapped
modes symmetric about x3 = c/2 which are shown in Fig. 4 in the
order of increasing frequency. These modes can be excited by
applying the same voltage on the two pairs of electrodes. x1 =
Fig. 5. Effects of electrode parameters (unequal electrodes).
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3.38893137  107 rad/s, x2 = 3.41240560  107 rad/s, and x3 =
3.44943502  107 rad/s. These three frequencies are slightly below
the frequencies of the three modes in Fig. 2. When symmetric and
antisymmetric modes are considered together, the lowest mode is
symmetric, followed by the first antisymmetric mode, and so on.
Fig. 5 shows the effects of electrode parameters when the thick-
ness or length of the right pair of electrodes is varied. In this case
the structure loses its symmetry about x3 = c/2. For filters, even if
the structure of the crystal plate and electrodes are symmetric
about x3 = c/2, the input and output circuits may cause loss of sym-
metry about x3 = c/2. Therefore the examination of the effects of
some small asymmetry is fundamental. In Fig. 5a R1 is fixed to be
2.5%. R2 is varied. When R2 = 2.55%, 2.6%, and 3%, there are always
six trapped modes which can no longer be separated into symmet-
ric and antisymmetric modes. As R2 increases, the frequency of the
first mode decreases as expected: x1 = 3.38781680, 3.38637123,
and 3.37371241  107 rad/s, respectively. The vibration distribu-
tion is more and more under the thicker electrodes as R2 increases.
In Fig. 5b, as the right pair of electrodes becomes longer, the fre-
quency of the first mode becomes lower and the vibration is more
and more under the longer electrodes: x1 = 3.38738566,
3.38602462, and 3.38501809  107 rad/s, respectively. When
L2 = 6 mm, there are six trapped modes. When L2 = 7 and 8 mm,
there are seven trapped modes.
5. Conclusion
The Fourier series solution used is effective in the analysis of
quartz crystal filters. There exist trapped modes whose frequencies
are close to each other. For a symmetric structure with identical
electrodes, the modes can be separated into symmetric and anti-
symmetric ones. The lowest mode is symmetric, followed by an
antisymmetric one, and so on. The vibration distribution is sensi-
tive to the electrode length and the distance between the two pairs
of electrodes, but not sensitive to the electrode thickness. Thicker
and longer electrodes lower the frequencies and increase the num-
ber of trapped modes. For unequal electrodes, modes cannot be
separated into symmetric and antisymmetric ones. The vibration
distribution is more under the longer or thicker electrodes.
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